Coherent propagation of a single photon in a lossless medium: $0\pi$
  pulse formation, slow photon, storage and retrieval in multiple temporal
  modes by Petrosyan, Shushan & Malakyan, Yuri
ar
X
iv
:1
31
0.
12
12
v1
  [
qu
an
t-p
h]
  4
 O
ct 
20
13
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Single-photon coherent optics represents a fundamental importance for the investigation of quan-
tum light-matter interactions. While most work has considered the interaction in the steady-state
regime, here we demonstrate that a single-photon pulse shorter than any relaxation time in a medium
propagates without energy loss and is consistently transformed into a zero-area pulse. A general
analytical solution is found for photon passage through a cold ensemble of Λ-type atoms confined
inside a hollow core of a single-mode photonic-crystal fiber. We use the robust far off-resonant
Raman scheme to control the pulse reshaping by an intense control laser beam and show that in
the case of cw control field, for exact two-photon resonance, the outgoing photon displays an os-
cillating temporal distribution, which is the quantum counterpart of a classical field ringing, while
for nonzero two-photon detuning a slow photon is produced. We demonstrate also that a train of
readout control pulses coherently recalls the stored photon in many well-separated temporal modes,
thus producing time-bin entangled single-photon states. Such states, which allow sharing quantum
information among many users, are highly demanded for applications in long-distance quantum
communication.
PACS numbers: 42.50.Ar, 42.50.Ct, 42.81.Dp, 32.80.Gy, 42.50.Ex
I. INTRODUCTION
In classical optics, the propagation of ultrashort pulses
of duration much smaller than the inverse spectral width
of the absorption line is governed by the pulse-area theo-
rem [1, 2], giving us access to unusual features of the pulse
propagation, which are impossible to grasp directly. In
the weak field regime, the pulse area tends to zero with
the propagation distance, while the pulse energy remains
unchanged thus forming zero-area (0pi) pulse [3, 4]. These
two seemingly conflicting effects simultaneously occur, if
the field envelope experiences a periodic phase reversal
due to alternate absorption and stimulated emission of
the pulse energy that leads to a ringing structure of the
output pulse. For the first time the ringing phenomenon
for picosecond pulses has been experimentally demon-
strated in sodium vapors [5], followed more experimental
works including the pulse reshaping in resonant two-level
systems [6].
Despite the fundamental importance, this problem has
not yet been explored for quantum pulses, perhaps be-
cause of the limited technical abilities, in particular, the
lack until recently of robust and efficient single-photon
(SP) sources and detectors, as well as due to weakness
of atom-photon interaction in conventional conditions.
Rapid growth of quantum information applications over
the past few decades has opened promising routes to
circumvent these difficulties. The requirements in this
area have stimulated intense research in developing truly
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deterministic SP sources and sensitive SP detectors [7].
Furthermore, remarkable advances have been made to
confine tightly the photons and a small ensemble of cold
atoms inside a microscopic hollow core of a single-mode
photonic-crystal fiber (HC-PCF) of a few microns in di-
ameter [8–14]. This architecture offers a drastic enhance-
ment of the atom-photon interaction due to increasing
the electric field amplitude of single photons. Such en-
hancement together with practically lossless propagation
of the guided light over meter-long distances makes the
HC-PCF as an ideal system to perform nonlinear optics
at extremely low light levels [15–18].
In this paper we study the propagation of a short SP
pulse in a cold atomic ensemble, which is assumed to be
trapped inside a HC-PCF, while the incoming photon is
in the fiber mode. Our research is motivated not only
by the desire to understand the propagation dynamics
in the quantum case, but also by the potential ability
of the system to distribute the SP among well-separated
temporal modes (time bins). It has been shown [19] that
the time-bin entanglement, in contrast to other ones, is
insensitive to noises and easier to purify and, thereby,
can be transferred over significantly large distances with-
out appreciable losses. The generation of optical pulses
in distinct temporal modes has been studied experimen-
tally in a variety of settings and under different perspec-
tives. For example, the preparation of time-bin entan-
gled broadband photons produced via spontaneous para-
metric down conversion in crystals has been studied in
[19–21]. The conversion of weak signal pulses into multi
temporal modes in room-temperature vapors has been
shown in EIT [22] and far-off resonant Raman schemes
[23]. The generation of time-bin entangled photon pairs
in the 1.5µm band via spontaneous four-wave mixing in
2a cooled fiber is reported in [24]. Theoretically there
exist different models to realize single photon time-bin
entangled states based, for example, on the parametric
interaction between two single-photon pulses in coher-
ent atomic ensemble [25], on stimulated Raman adiabatic
passage in a single quantum dot [26] or in a atom-cavity
system [27]. Note that the time-bin entangled states are
clearly well-defined provided that the temporal profiles
of the modes are known, which, however, is not always
available. Below we show that the lossless interaction of
an ultrashort SP pulse with coherent medium is an ana-
lytically integrable model that allows a complete analysis
of the propagation and controllable time-bins splitting of
the SP pulse.
Specifically, our model describes a cold ensemble of N
Λ−atoms, which are trapped inside a HC-PCF of a small
diameter D and a length L (see Fig.1). The atoms are
initially prepared in the state |1〉 by optical pumping.
They are coupled to copropagating narrow-band quan-
tum and control classical fields on the |1〉 → |3〉 and
|2〉 → |3〉 transitions, respectively, in far off-resonant Ra-
man configuration (Fig.1b) that makes the system im-
mune to spontaneous losses into field modes other than
the fiber mode, as well as to dephasing effects induced
by other excited states. Moreover, the strong confine-
ment of atoms in the transverse direction inside the fiber
core prevents atom-wall collisions [17]. Therefore, even
for sub-microsecond pulses, all relaxations including the
residual Doppler broadening, as well as the pulse atten-
uation, can be neglected thus ensuring the robust and
efficient reshaping of the SP pulse.
The incoming ω1-photon is converted into a Stokes
photon via Raman scattering stimulated by the strong
ω2-laser field and, since all the atoms are identically and
strongly coupled to the fiber mode, the incident photon
is stored in the medium as a symmetrically distributed
FIG. 1: a) Level configuration of Λ-atoms in far off-resonant
Raman scheme. The atoms are prepared in the ground state
|1〉 by optical pumping. The SP and control fields are tuned
to two-photon resonance with |1〉 → |2〉 transition, while one-
photon detuning ∆ from the excited state |3〉 is much larger
as compared to all relaxation rates and Rabi frequencies of
the fields. b) Schematic setup for SP interaction with atoms
trapped in HC-FCF.
single spin excitation. The probability of Stokes pho-
ton emission is less than one, so the incident photon is
stored in the medium only partially, while the unstored
part exits the medium without absorption. In turn, the
spin wave stored in the memory is subsequently converted
back by the control field into the anti-Stokes ω1-photon
indistinguishable from the incident one. This conver-
sion is clearly a direct consequence of the induced co-
herence between ground atomic states. Both conversion
processes are highly efficient due to the fiber enhanced
atom-photon interaction and multiatom collective inter-
ference effect [28]. In the case of cw control beam, the
process is repeated many times leading to the alternate
storage and retrieval of the ω1-photon until the stored
part of the incident photon is completely retrieved. As
a result, the outgoing photon displays vanishing tempo-
ral oscillations with the total duration extending over
many times the input pulse width. Another possibility is
realized, when the control field is switched off after the
photon storage and subsequent readout control pulses are
applied with programmable delay in order to retrieve the
stored ω1-photon into well-separated temporal modes. In
both cases the basic requirement for implementation of
our scheme is the noiseless long-lived Raman memory
with decoherence time exceeding the whole time of the
storage and complete retrieval of the SP pulse. In re-
cent years, by exploiting the magnetic field insensitive
state and reducing the decay rates of atomic coherence,
quantum memory time at single-photon level has been
increased from microseconds [29–31] to milliseconds time
scale [32–34].
This paper is organized as follows. In the next sec-
tion we derive the SP propagation law in general case of
a time-dependent control field and arbitrary value of the
two-photon Raman detuning. In Sec.III, we apply this so-
lution to the case of cw control field and zero Raman de-
tuning and show the temporal oscillations of the outgoing
photon. We calculate the SP pulse area, which exponen-
tially decreases with increasing the traveled distance. We
study dispersive effects for nonzero two-photon detuning
and show that the different regimes of photon propaga-
tion ranging from a slow photon to temporally oscillating
photon are realized in different regions of medium disper-
sion. We reproduce very well the experimental results
in the slow-photon regime. Then, in Sec. IV we study
the SP splitting into many distinct entangled temporal
modes, when a train of readout control pulses is applied
after turning off the laser beam. Here we analytically
obtain the profiles of temporal modes and construct the
entangled state of the outgoing SP by introducing the
creation operators of quantum modes satisfying the stan-
dard boson commutation relations. We also show that in
our case the mode amplitudes are easily controlled by
the intensities and relative phases of readout pulses. Our
conclusions are summarized in Sec. V. Finally, in Ap-
pendix A we present a derivation of analytic solutions
for the field operators and atomic coherence, while the
pulse area is found in Appendix B.
3II. MODEL AND BASIC EQUATIONS
We describe the quantum field by a slowly varying di-
mensionless operator Eˆ(z, t)
E1(z, t) =
√
~ω1
2ε0V
Eˆ(z, t)exp[i(k1z − ω1t)] +H.c (1)
where V = piw2aL is the volume of the medium with wa
the width of the atomic transverse distribution. The op-
erator Eˆ(z, t) obeys the commutation relation
[Eˆ(z, t), Eˆ†(z, t′)] = L
c
δ(t− t′) (2)
which is valid in free space z ≤ 0 and is preserved in the
medium.
In the far detuned regime ∆≫ Ωc, g, γ the upper state
3 can be adiabatically eliminated that leads to the effec-
tive Raman coupling Gˆ(z, t) = gΩ∗c(t)Eˆ(z, t)/∆. Here
∆ = ω1 − ω31 = ω2 − ω32 is the one-photon detuning,
g = µ31
√
ω1
2ε0~V
is the atom-photon coupling constant in
the medium with µαβ the dipole matrix element of the
atomic α → β transition and γ the upper level sponta-
neous decay rate. We consider the general case of time-
dependent control field Ec(t) described by the Rabi fre-
quency Ωc(t) = µ23Ec(t)/~. The medium is described
by atomic operators σˆαβ =
1
Nz
Nz∑
j=1
|α〉j〈β|, α, β = 1, 2,
averaged over the volume containing many atoms Nz =
N
L dz ≫ 1 around the position z [35]. Here σˆ(j)αβ = |α〉j〈β|
is the atomic spin-flip operator in the basis of two ground
states |1〉 and |2〉 for the j - th atom.
In the dipole and rotating wave approximations the
interaction Hamiltonian is given by
H = ~
N
L
∫ L
0
dz[δtot(t)σˆ22(z, t)−
(Gˆ(z, t)σˆ21(z, t) + h.c.)],
(3)
where δtot(t) = δR + |Ωc(t)|2/∆ is the total two-photon
detuning, which includes the Raman detuning δR = ω1−
ω2−ω21 and the Stark shift of the ground state 2 induced
by the control field. The last terms in Eq.(3) describe
the two-photon excitation of the atoms on the 1 → 2
transition.
We treat the problem in the one-dimensional (1D)
approximation provided that the control beam is much
wider than the SP mode and the atoms are tightly con-
fined by the guided dipole trap with wa < D [17, 18].
In this case the transverse profile of the control field can
be considered constant, thus reducing the propagation
equations for the operator Eˆ(z, t) to 1D-equation. Then
the equations of the system read
(
∂
∂t
+ c
∂
∂z
)Eˆ(z, t) = −kEˆ(z, t) + igN Ωc
∆
σˆ12(z, t)+
+Fˆ (z, t)
(4)
∂σˆ12
∂t
= −(Γ + γ0 + iδtot(t))σˆ12 + iGˆnˆat(z, t) (5)
∂nˆat
∂t
= 2i[Gˆ†σˆ12(z, t)− Gˆσˆ21(z, t)] (6)
where nˆat = σˆ11−σˆ22 is the operator of population dif-
ference between the atomic ground levels, k =
piω1Nµ
2
31
γ
~c∆2
is the SP linear absorption coefficient, and N = N/V is
the uniform density of atom distribution in the HC-PCF.
The first term in Eq.(5) features the optical pumping
from state |2〉 with the rate Γ = γ|Ωc|2/2∆2, which con-
tributes to the emission of continuum modes outside the
fiber, while γ0 is the Raman coherence damping rate (see
Fig.1) caused mainly by the atom-wall collisions. The
last term in Eq.(5) is responsible for generation of atomic
coherence σˆ12.
The commutator preserving Langevin operators Fˆ (z, t)
have the properties [36]
〈Fˆ (z, t)〉 = 〈Fˆ (z, t)Fˆ (z′, t′)〉 = 0
〈Fˆ (z, t)Fˆ †(z′, t′)〉 = 2kδ(z − z′)L
c
δ(t− t′)
(7)
We require that the photon absorption and optical
pumping are strongly suppressed by imposing the con-
ditions
kL≪ 1 and ΓT ≪ 1 (8)
where the interaction time T in our case is the SP pulse
duration. Nonetheless, we will take Γ into account in
calculation of the pulse area in order to avoid the emer-
gent mathematical uncertainties, while, in other cases,
this term can be safely ignored. As is seen from Eqs.(7),
in the absence of photon losses the noise operators Fˆ (z, t)
give no contribution. Below we will neglect also γ0, and
the residual Doppler shift ∼ (k1 − k2)u, which are much
smaller as compared to other relaxation rates for the
atoms trapped in a hollow fiber with the most proba-
ble longitudinal velocity u ∼ 1m/s [14,17]. With these
approximations, the width of two-photon transition line
is determined solely by the optical pumping rate Γ, as
is seen from Eq.(5), and, hence, the second inequality
in (8) corresponds to the sharp-line limit, when the SP
pulse’s spectral width ∆ω1 ∼ T−1 is much broader than
the atomic transition linewidth. This indicates that the
absorption of the photon occurs only in a very narrow
spectral region around the two-photon resonance and is
negligible, therefore the SP pulse reshaping predicted in
the present paper is due to dispersion effects. We give
in the next section a clear insight into the effect of two-
photon induced dispersion on the group velocity of the
SP pulse.
4We now outline the solution of Eqs. (4),(5),(6) in the
weak-field approximation assuming that the atomic state
|2〉 is faintly populated due to the interaction of multi-
atomic ensemble with weak single photon field, so that
we treat the atomic equations perturbatively in the small
parameter gEˆ . By taking nˆat = Iˆ in Eqs.(5),(6), this
leads to the linearized system of Heisenberg equations,
which in the wave variables z and τ = t − z/c take the
form
c
∂
∂z
Eˆ(z, τ) = igN Ωc(τ)
∆
σˆ12(z, τ) (9)
∂σˆ12
∂t
= −iδtot(τ)σˆ12 + igΩ
∗
c(τ)
∆
Eˆ(z, τ) (10)
The formal analytical solution of Eqs.(9,10) is found in
Appendix A in general case of arbitrary time depen-
dence of the control field and two-photon detuning δtot(t).
In what follows, we confine ourselves to the Fourier-
transform control field without phase fluctuations. In
that case the Rabi frequency Ωc(τ) can be considered
real. Then we find from Eq.(A.7)
Eˆ(z, τ) = Eˆ(τ) − 2qzΩc(τ)
∆2
∫ τ
−∞
dτ ′
Eˆ(τ ′)Ωc(τ ′) J1(ψ)
ψ(τ, τ ′)
exp[−i
∫ τ
τ ′
δtot(x)dx]
(11)
where Eˆ(τ) = Eˆ(0, τ), ψ(τ, τ ′) = 2
√
qz
∫ τ
τ ′
Ω2
c
(x)
∆2 dx and
q = 12αγ with α =
4piω1µ
2
31
N
~cγ =
2g2N
cγ the resonant absorp-
tion coefficient on the transition 1 → 3. By combining
Eqs. (9), (10) one obtains
σˆ12(z, τ) = i
g
∆
∫ τ
−∞
dτ ′Ωc(τ
′)Eˆ(τ ′)
[2
J1(ψ)
ψ(τ, τ ′)
− J2(ψ)]exp[−i
∫ τ
τ ′
δtot(x)dx]
(12)
Using the known properties of Bessel functions, one can
easily verify that the solution (11) for operator Eˆ(z, t)
satisfies the commutation relation (2). Also, it is seen
that the atomic coherence σˆ12 is purely imaginary that
provides the attenuation or gain of the quantum field
depending on the sign of the mean value 〈Imσ12〉, as it
follows from Eq. (9).
The Eqs. (11) and (12) are our central results, which
will be applied in next sections for two cases of formation
of a single-photon zero-area pulse and conversion of the
stored atomic spin excitation into ω1-photon in distinct
temporal modes by applying a train of readout pulses.
III. SINGLE-PHOTON 0pi PULSE
In this section, we consider the case of cw control field
with Ωc(τ) ≡ Ω0. We assume also that the total two-
photon detuning is small compared to the spectral width
of the SP field: δtot ≪ ∆ω1 or δtotT ≪ 1. This condition
can be fulfilled by taking δtot = 0, where the constant
Stark shift Ω2c/∆ is incorporated into the frequency of
the control field. The opposite case δtotT ≫ 1 will be
discussed in Section V.
We are interested in the evolution of the input state
|Ψin〉 representing a single-photon wave packet with
given temporal profile f(t) at z = 0.
〈0 | Eˆ(0, τ) | Ψin〉 = f(τ) (13)
which is normalized as cL
∫ |f(t)|2dt = 1 indicating
that the initial number of photons is one (see below).
Then from Eqs. (11) and (13) the SP field amplitude (or
the photon wave function) Φ(z, τ) and pulse intensity at
any distance in the region 0 ≤ z ≤ L take the form
Φ(z, τ) = 〈0 | Eˆ(z, τ) | Ψin〉 = f(τ)
−2qz
∫ τ
−∞
dτ ′f(τ ′)
J1(ψ0(τ, τ
′))
ψ0(τ, τ ′)
(14)
I(z, t) = 〈Ψin|Eˆ†(z, τ)Eˆ(z, τ)|Ψin〉 =
|Φ(z, τ)|2
(15)
where ψ0(τ, τ
′) = 2
√
qz
Ω2
0
∆2 (τ − τ ′). For the atomic
coherence we obtain from Eq.(12)
ρ21(z, t) = 〈0|σˆ12(z, τ)|Ψin〉 =
igΩ0
∆
∫ τ
−∞
dτ ′f(τ ′)[2
J1(ψ0)
ψ0
− J2(ψ0)]
(16)
It is seen that at small distances z ∼ 0, where ψ0 → 0
and J1(ψ0) → ψ0/2 and J2(ψ0) → 0, the atomic co-
herence becomes proportional to the initial pulse area
θ(0) = g
∫∞
−∞
f(τ)dτ . At any distance, we define the SP
pulse area as
θ(z) = lim
t→∞
g
∫ τ
−∞
Φ(z, t′)dt (17)
which, multiplied by Ω0/∆, determines the total angle
that the atomic state vector rotates around the electric
field of the SP pulse. Hereafter, for simplicity, Φ(z, t) is
taken real. The solution for θ(z) is found in Appendix B
by integrating the Eq.(14) over the time that yields
θ(z) = θ(0)exp(−αz) (18)
Equation (18) is the area theorem for the SP pulse,
which has the same form as in the classical case [1], but
with different decay constant α. If the latter is a few
hundreds cm−1, the pulse area vanishes at sub-millimeter
distances, which means that the single-photon 0pi pulse is
formed practically almost immediately after the SP pulse
5has entered the medium. Meanwhile, the pulse energy
remains finite. To show this we introduce the operator
for number of photons that pass each point on the z axis
over the whole of time
nˆ(z) =
c
L
∫
dtEˆ†(z, t)Eˆ(z, t) (19)
and using Eqs.(9), (10) we derive the equation for
n(z) = 〈Ψin|nˆ(z)|Ψin〉 in the form
∂n
∂z
= −N
L
〈Ψin|σˆ22(z,∞)|Ψin〉 = −NΩ
2
0θ
2(z)
L∆2
(20)
where the population in the excited state 2 at large times
is connected to the pulse area by (see Appendix B)
ρ22(z) = 〈Ψin|σˆ22(z,∞)|Ψin〉 = Ω20θ2(z)/∆2 (21)
This important relation shows that the photon capture
occurs only at small distances z ≤ α−1, being further-
more greatly suppressed by the factor Ω20/∆
2. For an
initial Gaussian pulse with θ(0) = g
√
piT , the total pho-
ton losses are found from Eqs.(20) and (18) as
n(0)− n(L) = cT
L
γTΩ20
∆2
(22)
where n(0) = 〈Ψin|nˆ(0)|Ψin〉 = cL
∫ |f(t)|2dt = 1 is
the initial number of photons. From this equation we
recognize that in the weak-field approximation the pho-
ton losses do not depend on the number of atoms, but
instead, they are proportional to the ratio of the pulse
length Lp = cT to the length L of the medium; the larger
this ratio, the greater the photon losses. The second fac-
tor in Eq.(22), which describes the spontaneous losses
due to optical pumping during the time T , must be small
according to Eq.(8). Thus, the required suppression of
photon losses can be achieved by properly adjusting the
 
FIG. 2: (color online) The amplitude Φ(L, τ ) of the SP out-
put pulse (red solid) and atomic coherence Imρ21(L, τ )(black
dashed) as functions of τ (in units of SP pulse duration
T = 200ns) for ∆ = 20γ,Ω0/∆ = 0.1 and L = 3cm. The
input pulse is shown by dotted line, scaled by factor 0.5.
system parameters, primarily the control field intensity
and detuning. This fact is compatible with zero pulse-
area in Eq.(18) only if, as mentioned previously, the pho-
ton wave function Φ(z, τ ′) in Eq.(17) is an alternating
function of time.
For numerical calculations we consider cold 87Rb
atoms with the ground states 5S1/2(F = 1) and
5S1/2(F = 2) and excited state 5P1/2(F = 2) as the
atomic states 1, 2, and 3 in Fig. 1, respectively. We show
in Fig.2 the field amplitude of output photon Φ(L, τ) and
atomic coherence ρ12 = 〈0|σˆ12|ψin〉 as a function of time
using realistic parameters to fulfill all necessary condi-
tions minimizing the photon losses: number of atoms con-
fined in a hollow-core fiber of the length L ∼ 3cm with
radial distribution width wa ∼ 2µm is about N ∼ 104
[17], the fields are tuned away from the one-photon res-
onance by ∆ = 20γ, while the Rabi frequency of the
control field is taken Ω0/∆ = 0.1, which corresponds
to the control field intensity 1mW/cm2. The input SP
pulse of wavelength λ ∼ 0.8µm has a Gaussian profile
f(t) ∼ exp(−t2/T 2) with duration T ∼ 200ns.
It is seen that the SP field amplitude periodically
passes zero-value points which correspond to the SP
storage-retrieval transitions. Numerically the pulse area
in the depicted region −2 < τ/T < 30 is about
g
∫∞
−∞
Φ(z, τ)dτ ∼ −0.1, while for the initial pulse it is
∼ 1.2. At these points, according to dρ12/dt ∼ Φ(z, t),
the atomic coherence becomes maximal.
Correspondingly, the SP intensity given by Eq.(15) dis-
plays temporal oscillations (Fig.3), which resemble the
classical field ringing [5]. However, in the quantum case
these oscillations represent the arrival time distribution
FIG. 3: (color online).The output intensity of SP pulse (red
solid) as a function of τ (in units of T ) at z = L (a) and
z = 0.25L (b). The input pulse of duration 200ns is shown by
dotted line, which in the case (a) is scaled by 0.5. The inset
in this case shows an unstored part of the input SP pulse on
its leading edge. For the rest of the parameters see the text.
6of photons, which are recorded with single-photon detec-
tors. The classical ringing emerges out of these random
quantum events as a result of a large number of single
photon measurements. Ideally, a coherent field ringing
pattern can be identically reconstructed by using a train
of indistinguishable single-photon pulses. A determinis-
tic source of such photons has been recently proposed in
our work [37].
Two important consequences come out of the Eq.(15)
and Fig.3. First, the SP intensity I(z, τ) depends on the
product zΩ20 and thereby, invariant under the transfor-
mation
z → z/a,Ω0 →
√
aΩ0 (23)
where a is an arbitrary real constant. This allows one to
follow the behavior of the SP pulse at any point z ≤ L
inside the sample. Indeed, for given L and control field
Rabi frequency Ω0, the pulse intensity, for example, at
z = L/a is the same as the output intensity at z = L, but
with reduced Rabi frequency Ω0/
√
a. The case of a = 4
is shown in Fig.3b.
Secondly, if the control field is strong enough, the in-
coming SP pulse is almost completely stored, and only a
small portion of the photon escapes the medium, which
is observed in Fig.3a as a tiny spike on the leading edge
of the initial pulse. The stored part of the SP pulse is
then converted back via multiple retrievals thus forming
a sequence of damped temporal peaks. The duration of
these oscillations increases with increasing of the control
field Rabi frequency and can be roughly estimated as
Tout ∼ 20(qLT Ω
2
0
∆2
)1/3T (24)
For the above parameters Tout ∼ 10T . Meanwhile,
beginning from z ≥ α−1 the atomic population is not ac-
cumulated in the excited state 2, as follows from Eq.(21),
indicating that the energy transferred to this state is
eventually converted back into the ω1-photon, thus con-
serving the photon number. But, a minor part of photon
remains trapped in the excited state at small distances.
The total number of photons at the entrance and exit of
the medium is determined by the areas of the correspond-
ing peaks in Fig.3. For example, in Fig.3a, the photon
losses for chosen parameters are only ∼ 8%, which can be
further lowered by using shorter SP pulses (see Eq.(22)).
Finally, we demonstrate the different regimes of the
SP pulse propagation in dependence on the medium dis-
persion and discuss the role of dispersive effects in the
pulse reshaping. In Fig.4, the output photon intensity
is calculated for three values of two-photon detuning δtot
using Eq.(11) for constant Ωc(τ). For the large value of
δtotT = 5 (Fig.4a), the ordinary dispersive interaction
occurs without absorption or storage of the photon and,
thereby, the group velocity of the SP pulse is reduced
while preserving its shape. As a result, a slow photon
regime is realized with pulse delay ∼ 0.2T . Harris pre-
dicted this effect for classical probe light as early as 1994
[38], which has been then confirmed experimentally in
solid hydrogen [39, 40]. For smaller detuning δtotT = 2
(Fig.4b), the atomic two-photon resonance transition is
in the wings of the SP pulse spectrum and the photon is
partially stored. The corresponding spectral components
experience steeper dispersion, resulting in that the SP
pulse evolves to a two-peak structure, where the group
delay of the second peak is significantly larger than the
SP pulse width. We believe just this effect for a classical
Stokes field has been observed in SRS in solid hydrogen
[40], although the authors give another interpretation.
The dispersion effects are enhanced with δtot decreasing,
which leads to a multi-peak structure of the output pulse
(Fig.4c) and eventually, when δtot = 0, the pulse is split
into separate subpulses depicted in Fig.3a. Let us note
once more that in all cases the real absorption of the
photon is negligible and has been ignored. In the last
case, taking into account that f(τ ′) in Eq.(14) is local-
ized around τ ′ = 0 and, hence, from Eqs.(14,15) the pulse
intensity can be presented as I(z, t) ∼ J21 (ψ0(τ, 0)), the
relative delay between the subpulses for a given z can
 
 
 
 
 
 
 
 
 
 
 
 
 
FIG. 4: (color online) Output photon intensity as a function
of τ (in units of T ) for three values of two-photon detuning:
δtotT = 5 (a), 2 (b) and 1 (c). In the case (a) the slow photon
regime is realized. The input pulse is shown by dotted line,
scaled in the case (c) by factor 0.5. The rest parameters are
the same as in Fig.2.
7be found from the values of ψextr0 = 2
√
qz
Ω2
0
∆2 τ
extr, which
are extremum points of the Bessel function J21 (ψ0(τ, 0)).
Since τextr ∼ 1/z, the delay time decreases with z in-
creasing, as is seen from Figs.3a and 3b.
IV. RETRIEVAL OF STORED PHOTON INTO
MULTI-TIME BINS
In this section, we discuss the SP splitting into many
well-separated entangled temporal modes. At first the
SP is stored in an atomic medium for a long time via a
standard technique [35] by turning off the control field
just as the SP pulse enters the medium. After some de-
lay, the stored atomic spin wave is converted back into
original ω1-photon by applying a train of readout control
pulses of ω2 frequency with properly adjusted amplitudes
and phases to produce the desired states of regenerated
ω1-photon. A similar approach has been used previously
for weak light pulses in room temperature alkali vapor
[23], but its application to a single-photon case may re-
quire serious modifications of the setting.
The control field Ωc(τ) is now chosen as
Ωc(τ) = Ω0f0(τ − τ0) +
J∑
i=1
Ωifi(τ − τi) (25)
where the J well-separated readout pulses are localized
FIG. 5: (color online) Twofold retrieval of stored ω1-photon
(red-solid line) by two readout control pulses (thin dashed
line) localized at τ1 = 4T and τ2 = 7T with durations
T1 = T2 = T/
√
2, respectively, and having Rabi frequen-
cies Ω1 = Ω2 = Ω0 in (a) and Ω1 = 0.08Ω0,Ω2 = 1.2Ω0 in
(b). In both cases, the Rabi frequency of initial control field
Ω0 = 0.05∆ with falling time T0 = 1.5T . The left peaks on
red lines represent the transmitted part of incident SP pulse
(dotted) and obviously is the same in both cases. For the rest
parameters see the text.
at time moments τJ > τJ−1... > τ1 > τ0 with the rela-
tive delay between them much larger than their lengths
Ti. In the first term of Eq.(25), the function f0(τ − τ0)
implements the switching of the control field from its
constant value Ω0 to zero with the rate T
−1
0 , where
T0 ∼ T ∼ Ti. In what follows, we take f0(τ − τ0) in
the form f0(τ − τ0) = 12 [Tanh(− τ−τ0T0 ) + 1].
To find the mode amplitudes we use the solution for
the field operator Eq.(11) with time-dependent control
field and δtot = 0, which is now satisfied, if δR = 0 and
Ω2jTj/∆ << 1. From Eqs.(11) and (25), the SP wave
function takes the form
Φ(z, τ) = 〈0 | Eˆ(z, τ) | Ψin〉 =
J∑
i=0
Φi(z, τ) (26)
where the profile of the i-th temporal mode is given by
Φi(z, τ) = f(τ)δi0 − 2qzΩ0Ωifi(τ − τi)
∆2
I(z, τ) (27)
with
I(z, τ) =
∫ τ
−∞
dτ ′f(τ ′)f0(τ
′ − τ0)J1(ψ(τ, τ
′))
ψ(τ, τ ′)
(28)
Here the orthogonality of fi(τ − τi), i 6= 0, to the input
wave function f(τ) has been used.
It is seen from Eq.(27) that the profiles of all modes
are proportional to the same function I(z, τ), in which
the product f(τ ′)Ω0(τ
′) in the integrand is responsible
 
 
 
 
 
 
 
 
 
 
 
FIG. 6: (color online) Amplitudes of outgoing ω1-photon
(red-solid line) for the case of Fig.4a. The two readout con-
trol pulses (dashed line) have the same (a) and opposite (b)
phases. The incident SP field amplitude is shown by dotted
lines.
8for the storage of the initial photon at τ ′ ∼ 0, in the time
localization of f(τ), while the reduction of the stored
part of the SP after each readout control pulse is given
by the factor J1(ψ)/ψ . The function Ωifi(τ − τi) in the
second term in Eq.(27) describes the retrieving of ω1-
photon in nonoverlapping temporal modes with phases
of corresponding readout control pulses, thus providing
the phase coherence across all time bins. In Fig.4 we
present the output ω1-pulse for two sets of control read-
out pulses. In the first case, the amplitudes of two control
pulses are the same (Fig.4a), while in the second one they
are redesigned such that two temporal modes of retrieved
ω1-photon have equal intensities (Fig.4b). In Figs.5 we
show that the temporal mode amplitudes of the outgoing
photon depend also on the relative phase of readout con-
trol pulses that makes it possible to produce the time-bin
entangled photonic states with alternating phase.
Then, we construct the single-photon output state in
terms of quantized temporal modes. For the two modes
this technique has been previously developed in our work
[25]. To generalize it to the multi-mode case we proceed
from the fact that this state is the eigenstate of the pho-
ton number operator (19): nˆ(z)|Ψout〉 = |Ψout〉, associ-
ated with the wave function (26). Using the commutation
relation (2), this yields
| Ψout〉 = c
L
∫
dtΦ(L, t)Eˆ†(L, t) | 0〉 (29)
with normalization
c
L
∫
dt | Φ(L, t) |2= 1 (30)
Each mode function Φi(L, t) is assigned a creation oper-
ator defined as
cˆ†i = N
1/2
i
∫
dtΦi(L, t)Eˆ†(L, t) (31)
where the normalization constant is
Ni =
c
L
(
∫
dt | Φi(L, t) |2)−1 (32)
These operators create the single-photon states in the
usual way by operation on the vacuum: cˆ†i | 0〉 =| 1〉i and
have the standard boson commutation relations [cˆi, cˆ
†
j ] =
δij . Note that this definition of quantum temporal modes
is only useful, if one can perform the local measurements
on the modes such that they are spacelike separated, so
that the requirement for the modes to be well separated
is important.
Taking into account that the modes, which are not oc-
cupied by the photons, are not included in the measure-
ments, the total vacuum may be reduced to the product
| 0〉 = ∏Ji=0 | 0〉i and, hence, from Eqs.(26) and (29), the
output state of the photon can be written as an entangled
state of J + 1 temporal modes
| Ψout〉 =
J∑
i=0
ricˆ
†
i | 0〉 =
J∑
i=0
ri | 1〉i
J∏
j 6=i
| 0〉j (33)
where ri =
√
c
L
∫
dt | Φi(L, t) |2. Accordingly, the num-
ber of photons in each mode is ni = r
2
i . Due to the
orthogonality of mode functions Φi(L, t) we have from
Eq.(30)
J∑
i=0
ni = 1 (34)
In Figs.(4,5), this condition is fulfilled even for two con-
trol readout pulses, where the number of photons in the
modes is determined by the areas of the corresponding
peaks.
The state (33) is a pure entangled state with mode
phases equal to those of the corresponding mode func-
tions Φi, as follows from Eq.(31). In bimodal case of
J = 1, the degree of entanglement and nonlocal correla-
tions have been comprehensively studied in [25]. Mean-
while, the quantifying of multimode entanglement for
J > 1 is not still available, as the current understand-
ing of multipartite entanglement is very vague due to the
lack of a theory. However, we expect the future study
of these issues may be based on Eq.(33) obtained for
the first time in terms of quantized modes with known
spatio-temporal profiles.
V. CONCLUSIONS
In this paper we have raised the question how a sin-
gle photon travels in a lossless medium and how it can
be stored for a long time and retrieved on demand in a
desired state. To answer these questions, we have sug-
gested a far off-resonant Raman scheme based on a cold
atoms trapped in a hollow-core fiber of a small diame-
ter. The collective atomic effects and tight transverse
confinement of the atoms essentially enhance the atom-
photon interaction, while the photon losses are strongly
suppressed employing highly detuned Raman transitions.
Our analytical results for the pulse area and field inten-
sity demonstrate a quantitative understanding of the SP
travel as continuously alternating storage and coherent
retrievals of the photon leading to temporal oscillations
of photon distribution, which are the quantum counter-
part of a classical field ringing. We have shown the sole
responsibility of dispersive effects for different temporal
behavior of the SP pulse in a wide domain of two-photon
detuning, ranging from slow-photon regime at large val-
ues of the latter to temporal oscillations for zero detun-
ing.The remarkable property of our scheme is that this
behavior can be tested experimentally along the entire
length of photon propagation by using the scale invari-
ance of the SP pulse intensity with respect to the trans-
formation (23). We demonstrated that in our scheme
the stored photon can be regenerated into multiple tem-
poral modes with controllable amplitudes, which we have
calculated analytically. As an important result, we ex-
pect the constructed state of multi-time-bin entangled
9photon to be applicable to other systems. Further de-
velopment of this work includes exploring the produc-
tion of the pairs of time-bin entangled photons with cor-
related phases, which are highly demanded for creating
long-distance quantum channels.
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VI. APPENDIX A: SOLUTION FOR FIELD
OPERATORS
In this Appendix we derive the solutions to Eqs.(9),
(10) in the general case of arbitrary time dependence of
the control field. We introduce an auxiliary function
Uˆ(z, τ) =
∫ z
0
dz′σˆ12(z
′, τ) (A.1)
Expressing Eˆ(z, τ) in terms of Uˆ(z, τ) from Eq.(9)
Eˆ(z, τ) = i2piω
c
Nµ31Ωc(τ)
∆
Uˆ(z, τ) + Eˆ(τ) (A.2)
and substituting into Eq.(10) we find
∂2Uˆ
∂z∂τ
= −iδtot(τ)∂Uˆ
∂z
− q |Ωc(τ)|
2
∆2
Uˆ + Fˆ (τ) (A.3)
where
Fˆ (τ) = i
µ31
~
Ω∗c(τ)
∆
Eˆ(τ) (A.4)
The solution to Eq.(A.3) is found subjected to initial
and boundary conditions U(z,−∞) = 0 and U(0, τ) = 0
and has the form (for the first time a similar solution,
but for the Stokes gain, has been found in [41])
Uˆ(z, τ) =
= 2z
∫ τ
−∞
dτ ′Fˆ (τ ′)exp[−i
∫ τ
τ ′
δtot(x)dx]
J1(ψ(τ, τ
′))
ψ(τ, τ ′)
(A.5)
where Ji(ψ) is the i−th order Bessel function of argu-
ment
ψ(τ, τ ′) = 2
√
qz
∫ τ
τ ′
dx
|Ωc(x)|2
∆2
(A.6)
Then, from Eq.(A.2), with Ωc(τ) = Ω0(τ)exp[iϕ(τ)],
we have
Eˆ(z, τ) = Eˆ(τ) − 2qzΩ0(τ)
∆2
∫ τ
−∞
dτ ′Eˆ(τ ′)Ω0(τ ′)
J1(ψ(τ, τ
′))
ψ(τ, τ ′)
exp[i(ϕ(τ) − ϕ(τ ′))− i
∫ τ
τ ′
δtot(x)dx]
(A.7)
VII. APPENDIX B: CALCULATION OF THE
PULSE AREA
To get the solution (18) for the pulse area we integrate
Eq.(14) over time that yields to the following equation
for the pulse area θ(z, τ) = g
∫ τ
−∞
Φ(z, τ ′)dτ ′
θ(z, τ) = θ(0, τ)− 2qz Ω
2
0
∆2
∫ τ
−∞
dτ ′
∫ τ ′
∞
dxf(x)e−Γ(τ
′−x) J1(ψ0(τ
′, x))
ψ0(τ ′, x)
(B.1)
Since f(t) = dθ(0, t)/gdt, the second term of Eq.(B.1)
is calculated by the integration by parts leading to
θ(z, τ) = θ(0, τ)−
2qz
Ω20
∆2
∫ τ
−∞
dτ ′θ(0, τ ′)e−Γ(τ−τ
′) J1(ψ0(τ, τ
′))
ψ0(τ, τ ′)
(B.2)
Because θ(0, τ) depends on time very weakly it can be
taken out from the integral that reduces this equation to
the simple form
θ(z, τ) = θ(0, τ)[1 − 2qz Ω
2
0
∆2
∫ τ
−∞
dτ ′
e−Γ(τ−τ
′) J1(ψ0(τ, τ
′))
ψ0(τ, τ ′)
]
(B.3)
Here the second term is a known function 1 −
exp(−qzΩ20/Γ∆2), so that proceeding to the limit τ →
∞, we eventually obtain the equation (18).
Finally, we derive the relation (21) from the equation
for ρ22(z, τ)
ρ˙22 = 2Im〈Gˆ†σˆ12〉 = 2Im〈Gˆ†(z, τ)
i
∫ τ
−∞
Gˆ(z, τ ′)dτ ′〉 = 2Ω
2
0
∆2
θ(z, τ)dθ(z, τ)/dτ
(B.4)
therefore
10
ρ22(z, τ) =
Ω20
∆2
θ2(z, τ) (B.5)
which in the limit of τ →∞ coincides with Eq. (21).
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